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Abgract

This manuscript centers on the reliability theory and its
gpplications in Kadman filtering. Especialy, it deivers a
diginct derivation of the redundancy contribution - the
key dement of reiability theory for the Kaman filter
agorithm that has not been comprehensvely discussed in
literature at present. A didinction is made between the
system innovation vector and the measurement (or pseudo
measurement) resdual  vector. This dlows to directly
andyse the observation vector and the process noise
vector. Particular  attention is pad not only to the
theoretical fundamentas of the reiability, and dso to the
introduction of some practical applications about the use
of the redundancy contribution in Kamean filtering. The
manuscript ams a asdding readers in a comprehensive
understanding of reiability analysisin Kamean filtering.
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control, internal relighility, externa relighility,
redundancy  contribution,  controllable  value, minima
detectable outlier.
1Introduction

Qudity control is a syssem of maintaning standards in
manufactured products by testing and ingpection [Barber,
1998]. It belongs to one of the paramount tasks to the
gpplications with Kaman filter just as its importance to
the traditional geodetic applications. Specificdly, the term
quaity here comprises of reliability and precison
[Sdzmann and Teunissen, 1989]. The former describes
the ability of the redundant observations to check modd
erors, or is concerned with the effects of possble
misecifications of the mode on the estimation results,
whilst the latter measures the spread of the estimation
results due to the stochastic modd and is represented by a
covariancematrix.

The mesasures for quality control have been affirmatively
developed together with the development of the theory of
Kaman filter and mostly driven by specific appications
[Mehra & Peschon, 1971, Willsky e a, 1974, 1975,
Willsky, 1976; Sazmann & Teunissen, 1989; Lu, 1991;
Sdzmaenn, 1991, 1993; Geo, 1992, Wang, 1997, 2008,
Caspary & Wang, 1998; Tiberius, 1998; Hewitson, 2006;
Wang et d, 2009; eic]. Ascompared with the rdiability
anaysis, tre andyds of precison or accuracy has greatly
matured in the years.

The rdiability theory in the method of least squares was
adepted for qudity control in Kadman filteing by
[Sdzmann and Teunissen, 1989], in which the testing
procedure, rdiability, estimation of variance components
and cetan practicd condderations were  outlined.
[Teunissen, 1990; Sdzmann, 1993] further suggested the
DIA (Detection, Identification and Adaptation) procedure
for qudity control in integrated navigation system tha
has been often quoted in literature [Lu, 1991; Gao, 1992
Wang, 1996, 2008; Hewitson, 2006; etc]. The rdiability
andysis, detigtic tests and variance component estimation
were modly derived ether from the system innovation of
Kaman filter [Mehra, 1971, Willsky, 1976; Teunissen,
1990; ec] or from the latest avalable measurement
vector and the predicted date vector blended with the
process noise as the pseudo-measurement vector [Geo,
1992; Sdzmann, 1993; Ja, e d, 1998; Tiberius, 1998;
Hewitson, 2006; etc]. An dternae derivation of
reiability messures in Kdman filtering was given by
[Weng, 1997], in which the most novel gain was the clear
expresson of the redundancy  contribution  of
measurements in Kadman filtering for the latest avalable
measurement  vector, the process noise vector, and the
predicted date vector without having blended with the
process noise, respectively. As it has been in least squares
adjustment, the redundancy contribution is essentid to
datistic tests, variance component estimation, and the
religbility analyss ovedl in Kaman filteing [Wang,
1997, 2008; Caspary & Wang, 1998; Wang et &, 2009].

The author atempts to systematicdly provide a
manuscript about the reiability theory in Kadman filtering
in a practicd way so that readers can have a systematic
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and comprenensve grasp of the subject. The rdiability
concept is summarized in Section 2. The core of this text
lies in Section 3, which first defines the standard mode
for Kdman filter, and then decribes an  dternate
devigion of the Kaman filter adgorithm, and ends with
the delivery of the redundancy contribution for Kaman
filter. Section 4 gives a numericd example about the
religbility andyss in Kaman filtering based on a
smulaed 2D land vehidle trgectory. Some of the useful
gpplications basad on the redundancy contribution in
Kadman filtering are given in Section 5. This manuscript
is ended with the concluding remarksin Section 6.

2. CONCEPT OF RELIABILITY IN LEAST
SQUARESESTIMATION

The rdiability theory was initidly founded in the method
of leest squares by [Baarda, 1968]. For more specific
details about the rdiability andyss refer to [Jger & Bill,
1986; Caspary, 1988; Li & Yuan, 2002; Leick, 2004; ed.
Measures of accuracy and measures of rdiability form
together a aufficient bads for the assessment and
comparison of the qudity of geodetic networks [Caspary,
1988]. This is dso true for the same purpose in Kaman
filtering.

Before this section goes into deals a necessay
clarification must be made between the measures of
reliability of least squares edimation and the ones of
religbility of manufacturing processes and of products.
The reliability measures used in quaity control for the
later ae usudly functions of the time of continuous
proper functioning of a device or a pat of thereof
[Caspary, 1988]. For example, the most commonly used
reliability measure for military equipment is the so-cdled
MTBF (Mean Time Between Failures). The reliability
measures that are being discussed for the method of least
squares can be vey diffeent from the ones usad in
industrial  process. However, the fundamental idess in
quality control have dimulated geodetic scientists to
devdop a concept of rdiability for the method of least
squares (or Gaussan Makov Modd) as in [Baarda,
1968].

Rdiability in least squares edimation refers to the
controllability of measurements, i.e, the ability to detect
outliers and to estimate the effects that the undetected
outliers may have on the sysem solution [Leick, 2004].
Theefore, the criteria of rdiadility in least squares
estimation can be classified as[Caspary, 1988; etc.]:

- Theinterna reiability and

- Theexternd rdiability.
which will be summarized in the following subsections.

2.1. Statistical basics
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As is wel known, a very prime and sraightforward
datigica rule, 3s, has commonly been employed to
identify the measurement outliers. In redity, the outliers
on measurements may not be adle to be effectivey
removed in this way. Otherwise, it would not be
necessary to introduce the religbility concept into the
theory of least squares estimation. The best way to learn
about this fact is to sudy the relaion between the
measurement errors and their residuds.
Without loss of genedity, a
equation system is conddered

linearized observation

L +v=Bdx+F(x?) ey

where L isthe n” 1 obsavation vector; v isthe n”1
residua vector of L ; X isthe t” 1 parameter vector with
a vedor x@of known approximate vaues and the
correction vector dX for x©; F(x) isthe n” 1 vector as
nonlinear mathematicd function of x for L; B is the
Nt design matrix that is composed of the partid
derivatives of F(x) with respect to x a x©. The
observation vector L is normaly didributed as
L~N(I:,D,,) with its expectation vector L and its
vaiancematrix D, . Inpractice, D, isgivenas

Dy, =siP/ " =55Q, @

where s 2 is the variance of unit weight and P/* and Q,

ae the weght marix and the cofactor matrix of L,
respectively. Q, is dso cdled as the inverse of a weight

matrix and interchangesbly used together with the weight
métrix.

The least-gquares (LS) solution of (1) is

x=x9+dx=x?+N'BR(L- F(x?)) (©)
with its variance matrix

Dy =$5(B'R,B) ™ 4
where

~, VPV

so=—AH- ©

r

The degree of freedom rin (5) is quantitatively equal to
the number of the redundant meassurements of (1), n-t
(n>t). The measurement residual vector is given by

VZ-QWQ|_|1(L- F(X(O))) (6)
with its cofactor matrix
Q. =Q- B(B'Q;"B) 'B' )

If the true parameter vector X is provided instead of
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x©, the vector L- F(x®) only conssts of the true
measurement error as € <o that (6) becomesto

v=-Q,.Qj'e ®

Due to the fact that Q,Q," is an idempotent matrix, its
trece is equd to the number of the redundant
measurements of (1). Its individua diagond edements
denoted as r; (i =12,..,n), characterize the distribution
of the redundancy of the sysem and ae cdled as
redundancy contribution or the redundancy indices of the
measurements. If  Q, is diagond, which meens the
measurements in L being not corrdated, the redundancy
index of ameasurement lieswithin (0, 1).

A thorough analyss of (8 can show (i) how the
measurement  resduds ae dfected by each of the
measurement  errors, (i) how the individuad measurement
resduds ae dfected by the eror on a gecific
measurement, and (i) how the eror on a specific
measurement  affects its own resdua [Hahn & Mierlo,
1986; Li & Yuan, 2002; etc.].

Based on the measurement residual vector, the wdll-
known data snooping was constructed as follows [Baarda,
1968]:

W, :_i:\/r__is ©

If the i~th measurement contains an outlier NL, , it affects
its own measurement residua by the magnitude of

Nv, =-r,NL, (19
and resultsin anoncentrality parameter of w;
d; =Nw, =- £NLi (11)
Sy,
Agang a potentid measurement outlier, the null
hypothesis based on (9) isgiven by
V.
Ho:w; =——~N(0Q) (12
Sy,
versus the dternative hypothesis based on (11)
V.
Ha:Wi = ! ~N(di,1) (13)

Vi

A datistic test is dways accompanied by the probability
errors (Type | error and Type Il error) with respect to the
sgnificance level and the power of a test (Table 1). These
two types of erors cannot be minimized at the same time.
The bigger Type | error one speifies, the higher test power
one can gain. Studying how to baance these two types of
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arors is a good trandtion point to the subject of
relighility.
Table 1: Hypothesis Test

Decision Ho true Hofdse
Accept Hp correct Typell error
RejctHo Typel error correct

2.2. Thelnternal Rdiability

The internd rdiability refers to the desred modd
property of facilitating the detection of sytematic errors
and the locdlization of outliers without requiring addtiona
information (self-checking modd) [Caspary, 1988]. It is a
measure of the capability of the sysem (1) to detect
measurement  outliers with the given probability. The
andysis of the internd rdiability of a sysem can be
performed based on the given system structure without
having the real measurements or their resduds avallable.

The overview here will focus on three commonly used
measures of theinterna reliability.

First, how a given error  NL; affects the residud Nyv; is
controlled by the redundancy contribution r; of the same
measurement  according to (10). Hence, the redundancy
contribution can be directly used as a messure of internd
religbility. Obvioudy, a sysem designer expects to have
an evenly didributed redundancy among dl  of the
observations in generd. By computing the values of r
for dl measurements, one can assess the intand
reliability of the sysem because the individud
redundancy indices can show the wesk parts of the system
and advice the necessary improvement accordingly in
tem of reiability. Apparently, the redundancy
contribution can be ether used as a globd, or a locd
measure of theinternd religbility.

Secondly, what is the minima detectable outlier in order
to be able to identify an outlier on an observation & a
donificance levd of ajand with the test power of

1-b,? Based on the normd digribution, one can
determinethedistance d; between H jand H
do =Now; = dy(@0,bo) )

s0 that the vaue of the minima detectable outlier of a
measurement is estimated after (11):

NoL, =s %

I

which is d0 cdled as the criticd vaue for the internd
religbility.  Therefore, another  messure  of  internd
reliability of a messurement can be defined a the
controllablevaue

)
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(16)

that tells how many times of the measurement standard
deviaion the minimd detectable outlier on a gpecific
messurement is egual to. ¢, is a unitless number and
only depends on the geometry of the system reflected by
r, and the given agand by. This messure may be
categorized asaloca measure of interna reliability.

Thirdly, for the quadratic form of the residud vector v in
(6), thegloba model test runs

VPV
I} 2
——~c(r,I

)

based on the a priori variance of weight unit s(z) with its
degree of freedom r and a noncentraity parameter | .
This noncentrality parameter is determined as

I = eT RI viPII els S (18)
under the assumption that an error in the functiond model
(1) can be compensated by avector € asfollows

L=Bdx- e+F(x?) +e (19

On the ground of the Rayleigh inequdity, the upper limit
of the noncentraity parameter can be given by

| =e"P,Q P elsiEl e'els) (20)

where | . is the maximum eigenvdue of B Q,P, -

Hence, | . may be utilized as a globd measure of

internal reliability, athough its usefulness must not be
overrated [Caspary, 1988].

2.3. The External Rdiability

The externd reigbility measures the response of the
mode to undetected model erors such as systematic
arors and measurement outliers [Caspary, 1988]. It
studies the impact of undetectable mode erors on the
edimated parameters or on a gpecific function of the
paameters. It is essntid for a system designer to gan
full knowledge of the effect of the potentid modd errors
on the estimated parameters because one camot generdly
expect to have a pefect sysematic eror and
measurement outlier detection in the data processng. In
teem of externd rdiability, a high qudity of the system
will insignificantly to undetected or unmodeled errors.

By dencting the hias vector of the parameter vector as
Dx , it can mathematicdly be connected to € in (19)

Dx =(B'R,B)'B'Pe (21
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wherein € is an aror vector ether having norntzero
components on al of the measurements, on some of them,
or even only on one single measurement. As a matter of
course, it provides the logica way to connect the externd
reliability analyss with the internd reliability andysis by
firs¢ andysing the internd religbility through the minimal
detecteble vaues of erors as in (15), and then further
studying their effect on the parameters or on a function of
them.

As a common practice, the average messure of the effect
of € isthequadraticformof Dx

Dx" QDX = €'P, BQ,B'Pe 22
Andog to (20), the Rayleigh inequdity tells

e' P, BQ,B'P,efl¢ e'e (23
where | ¢, is the maximum egenvdue of

P,BQ,B'P,. | $5 can be usd as a messure of globd
external reliability of the system [Caspary, 1988]. The
smilar measure of the externd rdiability for a function of
the parameters is eesly established on the andog of (22)
and (23).

A measure of locd externd rdigbility can be established

through studying how the parameter vector is affected by
an error on one single measurement:

do; =DX' ()Q,xDX(i) = &” p?h’ Qb (24

where e; is an eror on the i-th measurement, p; is the
weight of the same measurement, b, is the i-th column
vector of the design matrix B . By substituting d,, in (14)
into (22), (24) can besmplified to [Li & Yuan, 2002]

doj =do L

(i=12,...,n) 25

which is one of the most commonly used measures for the
externd reliability.

3. RELIABILITY INKALMAN FILTERING

This section is to provide first a brief overview of the
agorithm of the discrete Kadman filter, secondly an
dternate formulation of it in order to be able to adapt the
religbility theory of the least sguares estimation described
in Section 2 to the dgorithm of Kaman filter, and thirdly
the distinct expresson of the redundancy contribution of
individua measurements in Kaman filtering.
Unquestionably, a comprehensive rdiability andyss can
be applied to practicd applications based on the derived
redundancy contribution for Kaman filter.
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3.1. TheKalman filtering algorithm

As usual, alinear or linearized system with the datespace
notation is consdered under the assumption that the daa
ae avalable over a discrete time sies {tg,t;,...,ty},
which will often be simplified to {01,...,N}. Without
loss of generdity, a deterministic system input vector will
be droped in al of the expressions in this paper. Hence, at
any time ingant Kk (1£ k £ N ) the system can be written
asfollows:

x(K) = Ak - Dx(k - 1)+ B(k - Dw(k - 1)
2(k) = C(k)x (k) + C(k)

(26)
@7

where x(k)is the n” 1 satevector, z(k)is the p” 1
obsarvation vector, w(k- 1)is the m” 1 process noise
vector, D(k)is the p°1 messurement noise vector,
A(k-1) is the n" n codfident marix of x(k),
B(k- Dis the n” m coefficient matrix of w(k- 1),
C(k)isthe p” n coefficient matrix of z(k) . The random
vectors w(k)and D(k) ae generdly assumed to be
Gaussian withzero-mean:

w(k) ~ N (o,Q(k))
B(k) ~ N (0, R(k))

(28)
(29

where Q(k) ad R(k) are podtive definite variance

matrices, respectively. Further assumptions about the
random noise are mede and specified asfollows(i * j):
Cov(w(i),w(j)) =0 (30)
Cov(D(i),D(j)) =0 (3D
Cov(w(i),D(j))=0O (32

Very often, we aso hae to assume the initid mean and
vaiancecovaiance marix  x(0) ad D,,(0) for the

system date. In addition, the initid State x(0) is adso
assumed to beindependent of w(k) and D(k) for dl k.

The optima edtimate x(k)of x(k) can be derived by
applying, for example, the least-squares method in the
sene of unbiasedness and minimum variance. Teble 2
summarizes its solution only for the need of further
development of this manuscript:

An essentid charecterigtic of the sequence d(1), ...,
d(@i), ..., d(k) is that they are independent from each
other epochwise [Stohr, 1986; Chui, Chen, 2009]:

Cov{d(i),d(j)} =0 for (i* j) €S

105

Table 2: Solution of Kaman filter
The predicted state vector and its variance matrix

X(k/k-1) =A(k- DXk - 1)

D, (k/k-12)=Ak-1DD, (k- A" (k- 1)

+B(k - DQ(k - DB (k- 1)

The optimal estimated Sate vector and its variance matrix

X(K) = X(k/k - 1) +G(k)d(k)

D (k) =G(K)R(K)G™ (k)

+[E - G(K)C(K)]D,, (k/k - D[E - G(k)C(K)]

The optima estimated state vector and its variance matrix

d(k) = z(k) - C(K)X(k/K - 1)

Dys (k) = C(K)D, (k/ k- DCT (k) + R(k)
The Kalman gain matrix

G(k) =D,y (k/k - DC (K)Dgq (K)

3.2. Analternateformulation of Kalman filter

The optima esimate X(k) of x(k) a the ingtant k is
aways asociated with the stochadtic information, which
may be divided into three independent groups:

a Thered obsarvation noise D(k) ,
b. Thesystemnoise w(k - 1),

¢ Thenoisefrom the predicted X (k /k - 1) through
X(k - 1) ,onwhich {D(D),..., D(k - 1)} and {w(0),
w(D),...,w(k- 2)} are propagated into the current
system state model.
Traditiondly, ether the system innovation sequences, or
the synthesized prediction of X(k/k - 1) from “b’ and
“c” has been datidicaly andysed. If these different error
resources could be studied separately, it could be very
hepful to the peformance evaduaion of (1). For this
purpose, the modd in 3.1 can be recondituted using three
groups of redduad equaions as follows [Wang, 1997,
Caspary & Wang 1998; Wang, 2008, 2009]:
v, (k)=
vy, (k)=
v, ()= C(k) X(K)

X(k)- B(k-1) wk- 1) - I, (k)i
k- 1) - 1, Ky (3
- 1L00)

which ae corresponding to the following independent
(pseudo-)observation groups

I (k)= Ak- Dx(k- 1) @
1 (K) =wy(k - ) y

1, (k) = zk) b

aong with thelr variance-covariancematrices:

(39
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D, (k)= Ak - DD, (k- DAT (k- 1) g

D, (K)=Q(k-1) y (36)

D,,. (k) = R(K) b

Here, 1, (k). I,,(k) ad |,(k) aethe n"1, m" 1 axd
p°1l messurement or pseudo-measurement  vectors,
respectively. Usudly wy (k- ) = 0.

The identical estimate X(k) o x(k) & in 31 can be
obtained by applying the least squares principle to (34)-
(36) [Wang, 1997].

This novel formulation of Kaman filter agorithm has
directly mede the messurement residud vectors avaleble
for error andyds. One can definitely teke its advantages
to build up the test statistics in Kalman filter based on the
measurement  residua  vectors [Wang, 2008]. In this way,
ay of three messurement vectors can be separately
andysed through their own residua vectors.

3.3. Theredundancy contribution in Kalman filtering

This subsection ddivers the key dement of the rdiability
theory for Kaman filter — the redundancy contribution of
measurements. It is understood that the diagond dements
of the idempotent matrix Q,,Q;,*, & discussed in Section
21, represent  the  redundancy  contribution  of
measurements in the method of least squares, so does in
Kamanfiltering.

Straightforward without the superfluous inbetween steps,
the messurement resdud vectors ae given as the
functions of the system innovation vector a each epoch
Vi, (K) =Dy, (K)Di(k/k - DK(k)d (k) @37

Vi, () =Q(k- BT (k - DD (k/k- DK (k)d(k) (38)

Vi, (k) ={C(k)K (k) - E}d(k) (39)
with their variance matrices.
D, v, (K) = A(k- 1)D,, (k - DAT(k-DCT(K)®
D (KIC(K)A(k - D, (k- DAT (k- D  (40)
D, . (k) =Q(k- DB (k - DCT (k)D3g (k) ®
C(k)B(k- DQ(k- 1) 41)
D, v, (k) ={E - C(K)K(K)}R(K) 42)

dfter one subdtitutes (36) for Dy (k), Dy, (k) ad
Dy, (k). Smila to (33, we can readly prove the
following results of independence:
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Covv(i),v(j)} =0 for (i * j) 43

Under the assumption that the observations in | ,(k), i.e
z(k), ae uncorrelated, R(k) becomes diagond. In this
case, the redundancy index of each component in  z(k) is
givenby

r, (k) =1- {C(K)K (K)}; (44)

In a smilar way, if the noise factors in |, (k), ie
w(k- 1), ae not corrdated, Q(k- 1) becomes diagond.

The redundancy index of each process noise factor is
equd to

o, () =[Q(k- BT (k- )CT (k) Dyg(K)C (K)B(K - D)
(45)
However, the pseudo-observations in |, (k) , the predicted

date vector, ae geneadly corrdated. Therefore, the totd
redundancy contribution of |, (k) cawnot be decomposed
to its individual components. More about the reliability

measures for the corrdaed measurements refers to [Li &
Y uan, 2002; Chen & Wang, 1996]

Furthermore, three independent measurements groups as in
(35) make the following redundancy contribution:

r,k)=

t:a:,e{A(k- 1)D,, (k)A" (k- 1)CT (k)D;; (K)C(K)} (46)
re (k)=

trace {Q(k - DB (k- 1)C" (k)Dgg(K)C (k)B(k - D} (47)
r,(k) =trace[E - C(k)K (k)] (48)
to the entire system, respectively. It is satisfied with:
r(k) =rc(k) +r, (k) +r,(k) = p(k) (49)
where p(k) is the number of the tota redundant

measurements a epoch k and is logicdly equd to the
dimension of the real measurementvector z(k) .

Based on the redundancy contribution provided above, the
reiability andyss in Kdman filtering can be introduced
exectly in the same way as in less squares method.
Sufficient discussion may be found in [Wang, 1997].

4. Numerical example

This section provides a numericd example about the
redundancy contribution together with the internd and
externd rdigbility in Kdman filtering. A 2D land vehide
trgectory is smulated based on the smplified uniform
creular movement [Wang, 1997]. The smilar case sudies
can aso befound in [Ramm, 2008; Eichhorn, 2005].
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In the 2D mapping frame (Fig. 1), the kinematic system at
theinstant k +1 isexpressed asfollows
x(k+1) = x(k) +v,(k)cosj (K)(t.; - )
y(k +1) = y(k) +v, (k) sinj (K)(t,.; - t,)
j(k+D=j (k)

vi(k+1) =v(k)

(30)

T R

with the state vector (y x j v,)7. The observations
ae the (X,y) coordinates, the azimuth and the tangentid
veocity:

z,(k+1)=yk+)
z(k+1)=x(k +1)
z (k+1)=j (k+1)
z, (k+D) =v (k +1)

(55

o iR

in which the azimuth and the tangentid velocity usudly
have the higher dataratethan (x, y) have.

X (north)

o Yeas)

Fig. 1 The 2D mapping frame

Three coefficient matricesin (26) and (27) are

A(k) =
g o -V (K)Dty g sinj (k) Dty cosj (k)§
0 1 v (K)Dt,y cosj (k) Dt sinj (k)+ (56)
G0 0 1 0 N
go 0 0 1 p
DXy, cosj (k) - $D,, sinj (k)9
(; g
¢4Dt¢, sinj (k)  4Dte, cosj (k) =
B(k) = ' ' : (57)
¢ 0 D2, Ivi(K) -
8 I:]:k2+1,k 0 a
@ 00 0g
010 0+
ck+1)=¢ i
k+D=¢ o 1 o (589
§o 0 0 1
Or
0 1 08
C(k +1):§ - 1§(on|yj and v, avalable) (580)
%]
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where Dt =t,, -t . There are two components in
process noise vector associated with B(k): the tangentia
accdertion a, (k) and the centrifugal accderdtion a, (k) .

Based on (50), a trgectory about 361 meters long was
simulated for 40 seconds with the data rate 1 Hz for (x,y)

observations and 10 Hz for the azimuth and veocity
observations (Fig. 2). The standard deviations used for the
observations in the smulation are lisged in Table 3. The
smulated tangentid velocity and azimuth profiles ae
shown in Fig. 3 and Fig. 4, respectively.

Horilifind
i

wa |
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Table 3 The standard deviations used in the simulation

Standard Observation Sandard Process
deviation deviation Noise
Ser s, [m 010 s, [ms] | 025
s, [ded] 1.00 s, [Ms7] 0.75
s,, [m/g 003
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Fig. 3 Thevelocity profile
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The redundancy contribution in groups with respect to the
predicted state vector, the process noise vector and the
obsavaion vector ae shown in Fig 5 The totd
redundancy number is equa to 4 if (x,y), j ad v, ae
avalabeor 2 if only j and v, ae avaldde Fig. 6 gves
the redundancy indices of 6 observations and 2 process
noise factors. Based on d, =342 as in (14) a the
dgnificance levd of a,=1% and with the test power of
1- b, =80% , their internd reliability is plotted in Fig. 7.
Furthermore, the measure of the extend rdiability after
(28) isgiveninFg. 8.
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5. Someaspectsregarding theuse of redundancy
contribution in Kalman filtering

This section summarizes three gpplications about the use
of the redundancy contribution in Kaman filtering:

- The dgmplified dgorithm for the variance
component estimaion in Kaman filtering [Wang,
1997; Cagpary & Wang, 1998; Wang, et al, 2009)];

- The degrees of freedom of test gatigtics in Kaman
filtering [Wang, 1997, 200g];

- The Robust Kaman filter with the help of the a
posteriori variance estimation [Wang, 1997]

5.1. Thesimplified VCE algorithm in Kalman filtering

The dmplified VCE (variance component estimation)
dgorithm for Kadman filter here means one of the
gpproximate VCE dgorithms by [Forstner, 1979], which is
jut based on the messurement resduds and the
measurement  redundancy indices through ignoring the non
diagord dements in the corresponding norma  equation
system of the rigorous Helmert VVCE method.

For an arbitrary epoch k, the individud variance factors
for the measurementsin z(k) can be estimated by
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Vi, (K)
r,, (K)

Theaccumulative individud variancefactor in z(k) can be
estimated from the past k epochs

SACE (i=1..p) (59

V2, @)+ +vE, (K)
r, @) ++1, (K)

§2, L. k)= (i=1..p) (60

They are corresponding to the diagona eements of the
messurement variance matrix R(*) in (29).

For w(k - 1) , the smilar formulas can be given by:

2
g VE O
W; Wi (k) _W (I _l""'m) (61)
and
2 2
§2,, @by = 2 DT o 8 (e

M, () +-- + 1y, (K)

As doove they ae accadingly the estimates of the
diagond eements of the process noise vaiance matrix
Q(*) in(28).

More specifically about the applications of this VCE
dgorithm in  kinematic pogtioning can be found in
[Wang, 1997; Capsary & Wang, 1998; Wang, e d, 2009)].

5.2. Degrees of freedom for test gatistics

The test datigics in Kaman filtering can be congtructed
usng ether the sysem innovaion sequences or the
measurement  resduds [Wang, 1997, 2008]. The degrees
of freedom of some of the est dtatistics for measurement
resduds may be replaced by the corresponding
redundancy indices.

For example, the degrees of freedom in the test daidtics
for the i-th component given in 6.1, 62 in [Wang, 2008]
ae equd to the number of the used measurement
resduas. Obvioudy, if one deds with al of the three
measurement  vectors  given in (35), the totd of the
degrees of freedom from al of the components a& an
arbitrary epoch will be much bigger than the number of
the total redundant measurements n the system (refer to
Section 3.1) a that epoch. In this case, the author suggests
usng the redundancy indices of the individud
measurements to cdculate the accumulated degrees of
freedom. There is a persuasve argument for doing this.
Based on the pogeriori variance etimates in (60) or (62),
if the number of the used resduds is taken as the degrees
of freedom, (60) and (62) become, repectively
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szi; (1)+ +V§zi (k)

a2 —
§2, (Lk) = -

€3

V2 @+ 42, (K)
k

which are definitdly smaler than the vaues from (60) and
(62) because the degrees of freedom are here bigger than
the ones there. It definitely implies that the datigtical
criticd vadues are more conservative (bigger) while the
corresponding test statistics aretoo optimistic (smdler).

Sty (Lo K) = (64

53. The robust Kalman filter with the help of the a
posteriori variances

An approach for robust estimation in least squares method
with the help of the apoderiori variance edimation
developed by [Li, 1983] was redized in Kadman filtering
[Wang, 1997]. Ingead of adjusing the weighting
functions on the individua measurements, this approach
takes the a poderiori esimates of the measurement
variances to process the measurements repeatedly.

Let < be the number of the measurement groups, al of
the measurements in the same group have the same leve
of accuracy and uncorrdated each other dther in the
group or among groups. In order to congruct this robust
agorithm, one needs three edimated variances the globd
aposteriori variance of weight unit §50(k) as given by
the equation (38) in [Wang, 2008], the globd aposeriori
vaiance of the individua groups of the measurements
§§i (k) (i=1..,8) given by the equation (58) in [Wang,

g d, 2009, and the apoderiori vaiance of each
measurement:
2
. vij (k)
§2(k) =2 i=1..sj=1..,n
i () ") (i s;j=1..n) (65)

for the j-th measurement in the i-th group a epoch k,
wherein 1;;(k) is the messurement redundant index and

n; isthe number of the measurement in thei-th group.

The iteration process of this robust agorithm at epoch k
runs as follows:

a. Esimate §7,(k- Jand §2 (k- 1) (i =1,...s) based

on dl of the past filtering results from gart to the last
epoch k-1,

b). Filter the data at the current epoch k,

¢). Computethe initial estimate [§ % (k)] (1 = o forthe
initial step) and introduce the F-test as
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_Bien®

i == ~F(Lr, (65)
b eyraed el
under the null hypothesis: H,: 87 (k)= 8% (k- ) for
(i=1..,s), where r; is the accumulated redundancy
contribution of the i-th measurement group from the
past k-1 epochs,

d). Adjust thevariance:

18%(k-1) if FjEF, (1)

§2 (k) =1 vZ(k 66
[Sij Gl : i( )](‘) otherwise ©9
1 Tij(K)
€). Repeat thefilter from b) until
(k) - 20 ()| < e (ix =L..m)  (67)

for dl of the componentsin the ate vector,
f). Go on the next epoch gtarting from a).

More specific details about this robust agorithm refer to
[Li, 1983; Wang, 1997]. The numericd examples for this
robust Kalman filter can befound in[Wang, 1997].

6. Concluding Remarks

Based on the dandad modd given in 31, the
mathematicd and datisicad fundamenta of the rdiability
andyss was sysemdticaly described for the Kaman
filter dgorithm in this manuscript.  The  dternate
formulation of Kaman filter made it possible to digtinctly
derive the redundancy contribution for the Kadman filter
dgorithm. This ddivery dlows users to peform the
reliability anadysis in Kaman filtering exactly in the same
way as it has been done in the least squares ettimation. A
numericdl example was provided for the rdiability
andyss on kinemetic data processing in Kaman filtering
in Section 4. Additionaly, a summary of three interesting
gpplications:  the dmplified VCE dgorithm, degrees of
freedom for test gatitics and the robust Kadman filter
with the hep of the a poderiori variances were given
regarding the potentia use of the redundancy contribution
in Kaman filtering.

Furthermore, & the author pointed out in [Wang, 2008],
the dternate formulation of Kaman filter agorithm
makes it possble to datigticaly conduct the system
diagnoss epochwise againg different  eror  sources
because three types of the avalable sochastic
informaion: the current avalable measurements, the
current process noise and the one step predicted dtates, are
kept separatdly. So far either the system innovation
sequences or the measurements and the predicted tates

Journal of Global Positioning Systems

blended with the process noise have commaily been used
for qudity control in Kaman filtering.
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